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SEIBERG–WITTEN INVARIANTS ON MANIFOLDS WITH
RIEMANNIAN FOLIATIONS OF CODIMENSION 4
YURI KORDYUKOV, MEHDI LEJMI, AND PATRICK WEBER
Abstract. We define Seiberg–Witten equations on closed manifolds endowed
with a Riemannian foliation of codimension 4. When the foliation is taut,
we show compactness of the moduli space under some hypothesis satisfied for
instance by closed K-contact manifolds. Furthermore, we prove some vanishing
and non-vanishing results and we highlight that the invariants may be used to
distinguish different foliations on diffeomorphic manifolds.
1. introduction
Seiberg–Witten invariants are one of the main tools in the study of the differen-
tial topology of 4-manifolds. Since the foundational paper [64], a lot of work has
been done to apply this theory to various aspects of three and four-dimensional
geometry. A natural idea is to extend this framework to higher-dimensional mani-
folds. However the Seiberg–Witten equations then turn out to be overdetermined
and one needs to assume that the manifold carries an additional geometric structure
to extract useful information. For some results in this direction see [9, 18, 19, 24].
This article lays the groundwork for the case in which the higher-dimensional
manifold admits a Riemannian foliation of codimension 4. For Yang–Mills instan-
tons this has already been investigated by Wang [63] and, to a lesser extent, by
Baraglia and Hekmati [6] in the more restrictive context of K-contact 5-manifolds.
The main technical ingredient needed when extending to Riemannian foliations
is the theory of basic transversally elliptic operators [22]. Most proofs become adap-
tations of standard arguments (see for instance [44, 45, 54] or the excellent survey of
Li [40]) but we decided to include them nevertheless in order to stay self-contained
and to emphasize the modifications which have to be done due to the presence
of the mean curvature form of the foliation. The main result of the paper is the
compactness of the moduli space when the foliation is taut, and under a technical
hypothesis satisfied for instance by closed K-contact manifolds. Furthermore, we
give a non-vanishing result for transversally Ka¨hler foliations and we highlight that
the invariants may be used to distinguish different foliations on diffeomorphic man-
ifolds. As the present work advanced, we became aware that J. Lee and A. Renner
have work in progress on related results according to [63].
The first named author was supported by the grant no. 16-01-00312 from the Russian Foun-
dation of Basic Research.
The second named author acknowledges travel support from the Communaute´ franc¸aise de
Belgique via an ARC and from the Belgian federal government via the PAI “DyGeSt”.
The third named author was supported by an Aspirant grant from the F.R.S.-FNRS and
acknowledges travel support from the Communaute´ franc¸aise de Belgique via an ARC and from
the Belgian federal government via the PAI “DyGeSt”.
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The plan of the article is the following: Sections 2, 3 and 4 are of an expository
nature, setting up the notions of transverse structures and basic forms needed later
on. We also establish a Weitzenbo¨ck formula as done in [26]. After these prelimi-
naries, in Section 6 we write down a basic version of the Seiberg–Witten equations
and in Section 5, we state a basic version of Sobolev estimates. In Section 7, we
attack the crucial compactness property of the moduli space whilst Section 8 deals
with other properties of the moduli space such as transversality and orientability
and eventually gives the definition of basic Seiberg–Witten invariants. Applying
the Weitzenbo¨ck formula, we deduce in Section 9 that, under some curvature as-
sumptions, all solutions of the basic Seiberg–Witten equations have trivial spinor.
Interestingly enough, on non-taut foliations, the mean curvature form persists and
hence gives a non-trivial difference with the classical four-dimensional case. On the
other hand, as expected, the equations simplify considerably in the presence of a
transversal Ka¨hler structure. This allows us to prove in Section 10 a non-vanishing
theorem for basic Seiberg–Witten invariants. The most well-known examples of
transversally Ka¨hler foliations being Sasakian manifolds, we take a quick look in
Section 11 at this class and their almost-Ka¨hler counterpart: K-contact manifolds.
We conclude this article by giving possible applications of the basic Seiberg–Witten
invariants. We hope that this will inspire future work.
Acknowledgements: We warmly thank Ken Richardson for his invaluable
help. We are very grateful to Shuguang Wang for pointing out some mistakes in an
earlier draft as well as letting us know about his work in progress with his student
Andrew Renner on elliptic estimates for basic sections. We thank Georges Habib,
Charles Boyer and Weimin Chen for very useful discussions and Tian-Jun Li for his
interest in this work and comments. Finally, we thank Joel Fine for proposing the
problem and his support.
2. Transverse structures
Let M be a closed oriented smooth manifold of dimension n endowed with a
Riemannian foliation F of codimension m and g a bundle-like metric on M [53].
The metric g gives an orthogonal splitting of the tangent bundle TM = TF⊕TF⊥.
Moreover we have a direct sum
g = gTF ⊕ gTF⊥ .
The normal bundle Q = TM/TF is identified with TF⊥ and so the metric gTF⊥
induces a Riemannian metric gQ on Q. Since the metric g is bundle-like, the
metric gQ satisfies
LXgQ = 0, for all X ∈ Γ(TF),
where L is the Lie derivative.
A bundle-like metric assures the existence of a unique torsion-free metric con-
nection ∇T called the transverse Levi-Civita connection [43, 53, 62] on the normal
bundle Q. Explicitly, let Dg be the Levi-Civita connection associated to the met-
ric g and denote by π : TM −→ Q the projection operator. We define ∇T on Q for
s ∈ Γ(Q) by
∇TXs :=
{
π ([X,Ys]) , X ∈ Γ(TF),
π (DgXYs) , X ∈ Γ(Q),
3where Ys ∈ Γ(TF⊥) corresponds to s via the identification Q ∼= TF⊥. The torsion-
free condition and the Jacobi identity imply that ∇T is a leafwise flat connection
i.e. its curvature RT satisfies
RT (X,Y ) := ∇TX∇TY −∇TY∇TX −∇T[X,Y ] = 0, for all X,Y ∈ Γ(TF).
Actually, it can be shown that RT satisfies the stronger condition
ιXR
T = 0, for all X ∈ Γ(TF),
where ι is the contraction operator (see for example [28]). We define the transversal
Ricci curvature RicT : Γ(Q)→ Γ(Q) and the transversal scalar curvature sT by
RicT (X) :=
m∑
i=1
RT (X, ei)ei, s
T :=
m∑
i=1
gQ(Ric
T (ei), ei),
where {e1, · · · , em} is a local gQ-orthonormal frame of Q.
The mean curvature vector field τ of F is defined by
τ :=
dimF∑
i=1
π(Dgξiξi),
where {ξ1, · · · , ξdimF} is a local gTF -orthonormal basis of TF . The mean curvature
form κ is the gQ-Riemannian dual of τ. In other words, the mean curvature form is
the trace of the second fundamental form of the foliation, which itself is symmetric
by integrability of the distribution. A Riemannian foliation F is called taut if there
exists a bundle-like metric for which κ = 0.
The connection ∇T induces a connection, still denoted by ∇T , on the bun-
dle ΛrQ∗. The basic sections ΓB(ΛrQ∗) of ΛrQ∗ are then defined by
ΓB(Λ
rQ∗) := {α ∈ Γ(ΛrQ∗) | ∇TXα = 0, ∀X ∈ Γ(TF)}.
We can identify ΓB(Λ
rQ∗) ⊂ Ωr(M) := Γ(ΛrT ∗(M)) with the set of basic forms
ΩrB(M) := {α ∈ Ωr(M) | ιX(α) = 0, ιX(dα) = 0, ∀X ∈ Γ(TF)},
where d is the exterior derivative. We have the orthogonal decomposition [3]
Ωr(M) = ΩrB(M)⊕ ΩrB(M)⊥,
with respect to the C∞-Fre´chet topology. In particular, the mean curvature form
can be written as
κ = κB + κ0,
where κB is the basic part and κ0 its orthogonal complement. Moreover, it is shown
in [3] that the basic part of the mean curvature is closed, i.e. dκB = 0.
The metric gQ induces a transverse Hodge-star operator [62]
∗ : ΛrQ∗ −→ Λm−rQ∗.
Since the metric g is bundle-like, the transverse Hodge-star operator preserves basic
forms
∗ : ΩrB(M) −→ Ωm−rB (M).
It is related to the usual Hodge-star operator ∗ (induced by the metric g) via
∗α = (−1)(m−r) dimF ∗ (α ∧ χF) ,
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where α ∈ ΩrB(M) and χF is the characteristic form of the foliation F [62]. We
remark that we have the (basic) inner product in ΩrB(M)
(1) 〈α, β〉 =
∫
M
α ∧ ∗β ∧ χF ,
which is the restriction of the usual inner product on Ωr(M) to ΩrB(M) [62].
Note that the exterior derivative d preserves basic forms. Define
dB := d|Ωr
B
(M) : Ω
r
B(M) −→ Ωr+1B (M)
to be the restriction of d to basic forms. The resulting complex of basic forms is a
subcomplex of the de Rham complex. Its cohomology is called the basic cohomology
Hr(F) and can be interpreted as some kind of de Rham cohomology on the leaf
space. It turns out that for Riemannian foliations on closed manifolds the basic
cohomology groups are all finite-dimensional [23, 49].
In terms of the transverse Hodge-star operator, the adjoint operator δB of dB
with respect to the (basic) inner product (1) is given by
(2) δB α = (−1)m(r+1)+1 ∗ (dB − κB∧) ∗α,
where α ∈ ΩrB(M). In a local orthonormal basic frame {e1, · · · , em} of Γ(Q) we can
write
(3) dB =
m∑
i=1
e
♭gQ
i ∧ ∇Tei and its codifferential δB = −
m∑
i=1
ιei∇Tei + ιτB ,
where τ
♭gQ
B = κB and ♭gQ denotes the gQ-Riemannian dual [3, 30]. One can then
define the basic Laplacian
∆B := dBδB + δBdB .
Since the basic Laplacian is a basic transversally elliptic differential operator (see
Section 5), it is a Fredholm operator with a finite index [22]. Moreover, using the
Hodge decomposition of the basic Laplacian [32], we have that dimHr(F) is equal
to the (finite) dimension of ∆B-harmonic basic r-forms. In general, ∆B does not
commute with the transverse Hodge operator ∗ whereas when κB = 0 we do have
∆B ∗ = ∗∆B .
Remark 1. It is known that the space of bundle-like metrics on (M,F) is infinite
dimensional [55]. It can be shown that any bundle-like metric can be deformed in
the leaf directions leaving the transverse part untouched in such a way that the
mean curvature form becomes basic [20]. Moreover, another suitable conformal
change of the metric in the leaf direction will make κB, the basic component of κ,
∆B-harmonic [41].
Remark 2. We remark that, for any foliation F on a connected manifold, H1(F) is
a subgroup ofH1(M,R) [13, Proposition 2.4.1]. Moreover, if κB = 0, then it readily
follows from (3) that any basic ∆B-harmonic form is ∆
g-harmonic, where ∆g is the
(usual) Riemannian Laplacian associated to the metric g.
When the foliation F has codimension m = 4, we get a decomposition
Λ2Q∗ = Λ+Q∗ ⊕ Λ−Q∗,
5where Λ± corresponds to the (±1)-eigenvalue under the action of the transverse
Hodge-star operator ∗. Since the metric is bundle-like, there is an induced splitting
of basic 2-forms
Ω2B(M) = Ω
+
B(M)⊕ Ω−B(M).
Let H+(F) (resp. H−(F)) be the space of ∆B-harmonic ∗-self-dual (resp. ∗-anti-
self-dual) basic 2-forms. When κB = 0, we have H
2(F) ∼= H+(F)⊕H−(F).
We can consider the following basic transversally elliptic linear operator
δB ⊕ d+B : Ω1B(M) −→ Ω0B(M)⊕ Ω+B(M),
where d+B :=
1
2 (1+ ∗) dB is the composition of dB with the projection onto Ω+B(M).
In particular, the kernel and the cokernel of δB ⊕ d+B are finite-dimensional.
Proposition 3. The cohomology groups of the transversally elliptic complex [63]
0→ Ω0B(M) dB−→ Ω1B(M)
d+
B−→ Ω+B(M)→ 0
are respectively R, {α ∈ Ω1B(M) | d+Bα = δBα = 0} and {β ∈ Ω+B(M) | (dB −
κB∧)β = δBβ = 0}. In the particular case κB = 0, the groups are respectively R,
H1(F) and H+(F).
Proof. First, let α ∈ Ω1B(M) be in the kernel of d+B and gQ-orthogonal to the image
of dB . This means that δBα = 0. Moreover, using (2), we have
δBdBα = −δB ∗dBα = ∗ (dB − κB∧) dBα = −∗ (κB ∧ dBα) .
In particular, when κB = 0, it follows that dBα = δBα = 0. Next, suppose that
β ∈ Ω+B(M) is gQ-orthogonal to the image of d+B. Then δBβ = 0 and
dBβ = dB∗β = ∗δBβ + κB ∧ ∗β.
Hence (dB − κB∧)β = 0. This implies that β ∈ H+(F) when κB = 0. 
3. Basic Dirac operator
Choose a point x ∈ M and a gQ-orthonormal basis {e1, · · · , em} of Qx. The
Clifford algebra of Qx is the complex algebra generated by 1 and e1, · · · , em subject
to the relations
eiej + ejei = −2δij.
Define the transverse Clifford bundle Cl(Q) overM as the Z2-graded vector bundle
whose fiber at the point x ∈ M is the Clifford algebra of Qx. This vector bundle
is associated with the principal SO(m)-bundle of oriented gQ-orthonormal frames
in Q. The transverse Levi-Civita connection ∇T induces on Cl(Q) a leafwise flat
connection ∇Cl(Q) which is compatible with the multiplication preserving the Z2-
grading.
Definition 4. A principal bundle P → (M,F) is called foliated [31, 43] if it is
equipped with a lifted foliation FP invariant under the structure group action,
transversal to the tangent space to the fiber and TFP projects isomorphically
onto TF . A vector bundle is foliated if its associated frame bundle is foliated.
Definition 5. A transverse Clifford module E is a complex vector bundle over M
equipped with an action of Cl(Q), which we denote by •
Cl(Q)⊗ Γ(E) •−→ Γ(E).
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A transverse Clifford module E is called self-adjoint if it is equipped with a Her-
mitian metric (·, ·) such that the Clifford action is skew-adjoint at each point, i.e.
(X • ψ1, ψ2) = −(ψ1, X • ψ2), ∀X ∈ Γ (Q) , ∀ψ1, ψ2 ∈ Γ(E).
Definition 6. A Clifford connection on E is a connection ∇E which is compatible
with the Clifford action, i.e.
∇E(X • ψ) = (∇Cl(Q)X) • ψ +X • (∇Eψ), ∀X ∈ Γ (Cl(Q)) , ∀ψ ∈ Γ(E).
Let E be a complex Hermitian foliated bundle over M such that E is a trans-
verse Clifford module, self-adjoint and equipped with a Hermitian Clifford connec-
tion ∇E . Moreover, we choose ∇E to be a basic connection which means that the
connection and curvature forms of ∇E are (Lie algebra-valued) basic forms (this is
always possible by a result of [31]). In this case, (E,∇E) is called a basic Clifford
module bundle.
Define the operator D : Γ(E) −→ Γ(E) between smooth sections of E as the
composition of the maps
Γ(E)
∇E−−→ Γ(Q)∗ ⊗ Γ(E) ∼= Γ(Q)⊗ Γ(E) •−→ Γ(E).
In a local gQ-orthonormal frame {e1, · · · , em} of Q we write
D =
m∑
i=1
ei • ∇Eei .
The operator D maps basic sections ΓB(E) = {s ∈ Γ(E) | ∇EXs = 0, ∀X ∈ Γ(TF)}
to basic sections but it is not formally self-adjoint as D∗ = D − τ • . Define the
transverse Dirac operator [21, 26, 51] by
Dtr := D − 1
2
τ • .
The operator Dtr is a self-adjoint, transversally elliptic differential operator but it
is not basic. However, the operator
DB := D − 1
2
τB•,
called basic Dirac operator [29], is a basic self-adjoint transversally elliptic differ-
ential operator. In particular, it is Fredholm. We emphasize that the basic Dirac
operator DB depends on the choice of the bundle-like metric g, i.e. not only on gQ
but also on the leafwise metric. Nevertheless, it turns out that each choice of
bundle-like metric associated to gQ produces a new basic Dirac operator which is
conjugate to the initial one. In particular, the dimension of the kernel of the basic
Dirac operator is the same for any bundle-like metric associated to gQ [29].
4. Transverse Spinc-structures
Suppose in the following that Q is Spinc [36]. In this case (M,F , gQ) is said to
be transversally Spinc [52]. We fix a transverse Spinc-structure
ρ : Q −→ End(W),
where the complex Spinor bundle W is a basic Clifford module bundle. The homo-
morphism ρ is extended to an isomorphism of algebra bundles
ρ : Clc(Q) −→ End(W).
7Choose a gQ-orthonormal basis {e1, · · · , em} of Qx. Then the chirality operator is
the multiplication by (√−1)k e1 • · · · • em,
where k = m2 if m is even and k =
m+1
2 if m is odd. It is an involution and hence
induces a natural splitting
W =W+ ⊕W−,
where W± correspond to the ±-eigenspaces. Moreover, the chirality operator is
a basic bundle map [52], i.e. it preserves the space of basic spinors ΓB(W) of the
complex spinor bundle (W ,∇W).
Consider a basic Hermitian connection A on the (foliated) determinant line
bundle L of W i.e. A is a Hermitian connection on L which satisfies LXA =
ιXA = 0, ∀X ∈ Γ(TF). Together with the transverse Levi-Civita connection ∇T ,
A induces a basic Clifford Hermitian connection ∇A on W . Let DAB be the basic
Dirac operator associated to ∇A. Then we get the following Weitzenbo¨ck formula
(see [26]):
Proposition 7. Let (M,F , gQ) and (W ,∇A) be as above. Then
(4) (DAB)2ψ =
(∇Atr)∗∇Atrψ + 14 (sT + |κB|2 − 2δBκB)ψ + 12FA • ψ,
for any basic spinor ψ ∈ ΓB(W) Here sT is the transverse scalar curvature, FA is
the curvature of the connection A and
(5)
(∇Atr)∗∇Atrψ = − m∑
i=1
∇Aei∇Aeiψ +
m∑
i=1
∇A∇Tei eiψ +∇
A
τB ,
where {e1, · · · , em} is a local basic gQ-orthonormal frame of Q. and ∇Atr is the
operator defined by ∇Atrψ =
m∑
i=1
e
♭gQ
i ⊗ (∇Aeiψ).
Remark 8. Slesar introduced in [57] a modified connection on the space ΓB(W)
given by
∇AXψ := ∇AXψ −
1
2
g(X, τB)ψ,
where X ∈ Γ(TM). Using the above modified connection, the Weitzenbo¨ck formula
becomes
(6) (DAB)2ψ =
(
∇Atr
)∗
∇Atrψ +
1
4
sTψ +
1
2
FA • ψ,
where∇Atrψ =
m∑
i=1
e
♭gQ
i ⊗(∇
A
eiψ) for a local basic gQ-orthonormal frame {e1, · · · , em}
of Q.
5. Sobolev spaces and basic elliptic theory
Let E be a foliated vector bundle on M equipped with a basic Hermitian struc-
ture and a compatible basic connection ∇E . Denote by EB the sheaf of germs of
smooth basic sections of E and by ΓB(E) the space of the smooth basic sections
of E. Thus, ΓB(E) = Γ(EB). For p ∈ [1,∞), we denote by ‖ · ‖Lp the Lp-norm on
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Γ(E) and, for any integer k > 0 and p ∈ [1,∞), we denote by ‖ · ‖k,p the Sobolev
norm on Γ(E):
‖u‖k,p =
k∑
j=0
(∫
M
|(∇E)ju|pvg
)1/p
, u ∈ Γ(E),
where vg stands for the Riemannian volume form. Let L
p (ΓB(E)) be the L
p-norm
closure of the space ΓB(E) of the smooth basic sections of E. Let W
k,p (ΓB(E))
be the closure of ΓB(E) under the Sobolev norm ‖ · ‖k,p. To ease the notations, we
let W k,p stand for W k,p (ΓB(E)) unless it is necessary to specify the space.
Consider a foliated chart Ω ⊂ M ∼= U × V with some open subsets U ⊂ Rd
and V ⊂ Rm. We assume that U and V are connected. We will also assume
that the chart is regular, which means that it can be extended to a foliated chart
Ω′ ∼= U ′ × V ′ such that Ω ⊂ Ω′, U ⊂ U ′ ⊂ Rd and V ⊂ V ′ ⊂ Rm. There
exists a local trivialization E |Ω ∼= U × V × CN of E over Ω (a distinguished local
trivialization, see, for instance, [43]) such that any basic section s ∈ Γ(Ω, EB) on Ω
is written as
(7) s(x, y) = u(y), x ∈ U, y ∈ V,
with some vector-valued function u ∈ C∞(V,CN ). It can be shown that s belongs
to W k,p(Γ(Ω, EB)) if and only if u ∈ W k,p(V,CN ). Moreover, the W k,p(Γ(Ω, EB))-
norm of s is equivalent to its W k,p(U × V,CN )-norm which, in turn, equals the
W k,p(V,CN )-norm of u:
(8) C1‖u‖Wk,p(V,CN ) 6 ‖s‖Wk,p(ΓB(E|Ω )) 6 C2‖u‖Wk,p(V,CN)
with some constants C1, C2 > 0, independent of s. In this way, we obtain isomor-
phisms
Γ(Ω, EB) ∼= C∞(V,CN ), W k,p(Γ(Ω, EB)) ∼=W k,p(V,CN ).
The basic Sobolev spaces W k,p satisfy the basic Sobolev embedding theorem
(see [8, Lemma 3.7] when p = 2).
Theorem 9. Given integers l, q such that 0 6 l 6 k and l− mq 6 k− mp < l with m
the codimension of the foliation F , there is a continuous inclusion
W k,p →֒W l,q.
Moreover, for l < k − mp
W k,p →֒ Cl,
where Cl stands for Cl(ΓB(E)) the space of basic sections of E of class C
l.
Proof. The theorem immediately follows from (8) and the classical Sobolev embed-
ding theorem. 
We also get a basic Rellich theorem (cf. [32, Proposition 4.5]).
Theorem 10. The inclusion
W k+1,p →֒W k,p
is compact for all k and p.
Proof. Since W k,p is closed in W k,p (Γ(E)), this theorem is an easy consequence of
the classical Rellich theorem. 
9Finally, we get a basic Sobolev multiplication theorem (the standard proof [1,
Theorem 4.39] works in the basic case).
Theorem 11. When 0 6 l 6 k:
(1) Above the borderline: if k − mp > 0 and k − mp > l − mq , then we have a
continuous map
W k,p ×W l,q −→ W l,q.
In the particular case k = l and p = q: if k − mp > 0, then
W k,p ×W k,p −→ W k,p.
(2) Under the borderline: if k−mp < 0 and l−mq < 0, then we have a continuous
map
W k,p ×W l,q −→W t,r,
with 0 6 t 6 l and r such that 0 < tm +
1
p − km + 1q − lm 6 1r 6 1.
(3) On the borderline: if k− mp = 0 and l− mq 6 0, then we have a continuous
map (
W k,p ∩ L∞)× (W l,q ∩ L∞) −→ (W l,q ∩ L∞) .
If l− mq < 0, then we can improve this to a continuous map(
W k,p ∩ L∞)×W l,q −→W l,q.
We can define Gk+1,pB =W k+1,p (ΓB (End (W))) ∩ C0B(M,S1) whenever k + 1 >
m
p . It can be shown that Gk+1,pB is an infinite-dimensional Lie group.
Let E1, E2 be foliated vector bundles on M equipped with basic Hermitian
structures and compatible basic connections. Recall (see, for instance, [22]) that
a basic differential operator of order ℓ from E1 to E2 is a morphism of sheaves
P : E1,B → E2,B such that, in any foliated chart Ω with coordinates (x, y) ∈ U×V ⊂
Rd×Rm equipped with distinguished local trivializations of E1 and E2 over it, the
associated map PΩ : Γ(Ω, E1,B) ∼= C∞(V,CN ) → Γ(Ω, E2,B) ∼= C∞(V,CN ) has an
expression
PΩ =
∑
|α|6ℓ
aα(y)
∂|α|
∂yα11 · · · ∂yαmm
,
where α = (α1, . . . , αm) ∈ Nm is a multi-index, and, for any α with |α| 6 ℓ, aα is
a smooth N1 ×N2-matrix valued function on V .
It is easy to see that any basic differential operator P from E1 to E2 of order ℓ
extends to a continuous map fromW k+ℓ,p(ΓB(E1)) toW
k,p(ΓB(E2)) for any integer
k > 0 and p ∈ (1,∞).
A basic differential operator P from E1 to E2 is said to be transversally elliptic
if, in any foliated chart Ω ∼= U × V ⊂ Rd × Rm equipped with distinguished local
trivializations of E1 and E2 over it, the associated operator PΩ : C
∞(V,CN ) →
C∞(V,CN ) is an elliptic differential operator (i.e. its principal symbol σP (y, η) is
invertible for any (y, η) ∈ V × (Rq \ {0})).
We have the following regularity result (Lp-estimates) for basic transversally
elliptic operators which will be crucial for the compactness of the moduli space.
10 YURI KORDYUKOV, MEHDI LEJMI, AND PATRICK WEBER
Theorem 12. Let P : ΓB(E1)→ ΓB(E2) be a basic transversally elliptic operator
of order ℓ. Then, for every integer k > 0 and p ∈ (1,∞), there are constants
c1 > 0, c2 > 0 (depending on k and p) such that
(9) ‖s‖k+ℓ,p 6 c1‖Ps‖k,p + c2‖s‖k,p, s ∈ W k+ℓ,p(ΓB(E1)).
Moreover, if p = 2, ℓ = 1 and s is L2-orthogonal to the kernel of P then one can
assume c2 = 0.
Proof. Let M = ∪ri=1Ωi be a finite covering of M by foliated charts Ωi ∼= Ui×Vi ⊂
R
d × Rm equipped with distinguished local trivializations of the vector bundles
E1 and E2 over it. Write the restriction si of s to Ωi in the form (7) with some
vi ∈W k,p(Vi,CN ). Using (8), we get
‖si‖Wk+ℓ,p(Γ(Ωi,E1,B)) 6 C2‖vi‖Wk+ℓ,p(Vi,CN ).
Take an open subset V ′′i ⊂ V ′i such that Vi ⊂ V ′′i . By classical Lp-estimate for the
elliptic operator P , we have
‖vi‖Wk+ℓ,p(Vi,CN ) 6 c1‖PΩivi‖Wk,p(V ′′i ,CN ) + c2‖vi‖Wk,p(V ′′i ,CN ).
Using (8) again, we get
‖si‖Wk+ℓ,p(Γ(Ωi,E1,B)) 6 c1‖Psi‖Wk,p(Γ(Ω′′i ,E1,B)) + c2‖si‖Wk,p(Γ(Ω′′i ,E1,B)).
Finally, we have
‖s‖k+ℓ,p 6
r∑
i=1
‖si‖Wk+ℓ,p(Γ(Ωi,E1,B))
6c1
r∑
i=1
‖Psi‖Wk,p(Γ(Ω′′i ,E1,B)) + c2
r∑
i=1
‖si‖Wk,p(Γ(Ω′′i ,E1,B))
6rc1
r∑
i=1
‖Ps‖k,p + rc2
r∑
i=1
‖s‖k,p,
that completes the proof of (9).
Now we fix k and assume that p = 2 and ℓ = 1. Since the L2-spectra of the
operators P and P ∗ are discrete, for any s ∈ W 2,2(ΓB(E1)), L2-orthogonal to
kerP = kerP ∗P , we have
‖Ps‖2L2 = (P ∗Ps, s) > ε‖s‖2L2,
and, for any s ∈W 2,2(ΓB(E1)), L2-orthogonal to kerP ∗ = kerPP ∗, we have
‖P ∗s‖2L2 = (PP ∗s, s) > ε‖s‖2L2,
where ε > 0 is independent of s. Here (·, ·) denotes the inner product in L2.
Using these estimates, for any s ∈ W 2k,2(ΓB(E1)), L2-orthogonal to the kernel
of P , we get
(10) ((P ∗P )ks, s) > εk‖s‖2L2,
and, for any s ∈W 2k,2(ΓB(E1)), L2-orthogonal to the kernel of P ∗, we get
(11) ((PP ∗)ks, s) > εk‖s‖2L2.
It follows by (10) and (11) that, for any s ∈ W 2k,2(ΓB(E1)), L2-orthogonal to
the kernel of P , we obtain that
(12) ‖s‖2k,2 6 c3((P ∗P )ks, s),
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with some constant c3 > 0, independent of s. Indeed, if k = 2K is even, we can
write
((P ∗P )ks, s) = ‖(P ∗P )Ks‖2L2,
while if k = 2K + 1 is odd,
((P ∗P )ks, s) = ‖(PP ∗)KPs‖2L2 .
Finally, for any s ∈ W 2k+1,2(ΓB(E1)), L2-orthogonal to the kernel of P , using
continuity of the operator (PP ∗)k :W 2k,2 → L2 and (12), we derive
‖Ps‖22k,2 > c4‖(PP ∗)kPs‖2L2 = ((P ∗P )2k+1s, s) > c−13 c4‖s‖22k+1,2.
Similarly, for any s ∈ W 2k+2,2(ΓB(E1)), L2-orthogonal to the kernel of P , using
continuity of the operator P ∗(PP ∗)k :W 2k+1,2 → L2 and (12), we derive
‖Ps‖22k+1,2 > c5‖P ∗(PP ∗)kPs‖2L2 = ((P ∗P )2k+2s, s) > c−13 c5‖s‖22k+2,2,
that completes the proof. 
Later on, when dealing with transversality issues of the moduli space, we will
need a unique continuation property for the basic Dirac operator DB (see [63, proof
of Theorem 5.2] for a similar fact for the basic Laplacian).
Theorem 13. Let M be a connected compact Riemannian manifold endowed with
a Riemannian foliation. Then the basic Dirac operator DB satisfies the unique
continuation property: if ψ ∈ ΓB (W) such that DBψ = 0 and ψ = 0 on an open
subset S ⊂M , then ψ ≡ 0.
Proof. Without loss of generality, we can assume that S is a saturated subset.
Take a foliated chart Ω ∼= U × V ⊂ Rd × Rm equipped with distinguished local
trivialization of W over it. Then the intersection S with Ω has the form Ω ∩ S ∼=
U × W , where W is an open subset in V . Let us write ψ as in (7) with some
v ∈ C∞(V, CdimW). It is easy to see that the operator (DB)Ω : C∞(V, CdimW) →
C∞(V, CdimW) is a Dirac type operator, and we have (DB)Ωv = 0 and v = 0 onW .
Therefore, the desired statement immediately follows from the unique continuation
property for Dirac type operators (see, for instance, [10, 11]). 
6. Basic Seiberg–Witten equations
Suppose that M is a closed oriented smooth manifold of dimension n endowed
with a Riemannian foliation F of codimension 4 and g a bundle-like metric on M .
Suppose furthermore that the normal bundle Q is Spinc and fix a transverse Spinc-
structure ρ : Clc(Q) −→ End(W), where W is the complex spinor bundle. Let L
be the determinant line bundle of W . We denote by KB(L) the space of (smooth)
Hermitian basic connections on L. The space of basic connections on L is an affine
space modeled on the space of sections of C∞(∧1Q∗,R) which are constant along
the leaves. Hence, it can be identified with the space Ω1B(M).
We define the basic Seiberg–Witten equations by
(13)
{
DAB(ψ) = 0,
F+A = σ(ψ),
for the couple (A,ψ) with A ∈ KB(L) and ψ ∈ ΓB(W+) a basic section of Γ(W+).
Here, DAB is the basic Dirac operator associated to the connection∇A onW induced
by the transverse Levi-Civita connection∇T and A; F+A is the ∗-self-dual part of the
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curvature of A; and σ : ΓB(W+) −→
√−1Ω+B(M) is the standard quadratic map
given by σ(ψ) = ψ
√−1ψ, where ψ√−1ψ corresponds to a traceless endomorphism
of W+ which we can identify to a form in Ω+B(M)⊗ C.
The perturbed basic Seiberg–Witten equations additionally depend on a basic
self-dual 2-form µ ∈ Ω+B(M):
(14)
{DAB(ψ) = 0,
F+A = σ(ψ) +
√−1µ.
The basic gauge group GB consists of gauge transformations C∞(M,U(1)) of the
U(1)-principle (foliated) bundle associated to L leaving invariant the lift F˜ of the
foliation F to the U(1)-principle bundle associated to L. Hence, the group GB is
identified with the (smooth) basic maps C∞B (M,S
1). An element u ∈ GB acts on
a pair (A,ψ) ∈ KB(L) × ΓB(W+) by (u∗A, uψ) := (A − 2u−1du, uψ). The basic
gauge group GB fixes the space KB(L) and it is easy to see that the (perturbed)
basic Seiberg–Witten equations are invariant under the action of GB. We will also
consider the based basic gauge group G0 := {u ∈ G |u(x0) = 1} where a point
x0 ∈M is fixed. The action of GB is free except at pairs (A, 0) with stabilizer given
by constant maps. On the other hand, the action of G0 is always free. The group
GB is actually the product of G0 with constant maps.
For technical reasons, we need to consider Banach spaces or Hilbert spaces. So,
we define the basic Seiberg–Witten map
(15)
swρ,µ : W
2,2 (KB(L))×W 2,2 (ΓB(W+)) −→ W 1,2
(√−1Ω+B(M))×W 1,2 (ΓB(W−))
(A,ψ) 7−→ (F+A − σ(ψ) −√−1µ,DAB(ψ)) .
We denote mρ,µ := {(A,ψ) | swρ,µ(A,ψ) = 0} and we define the moduli spaces
(16) Mρ,µ := mρ,µG3,2 , Mρ,µ :=
mρ,µ
G3,20
.
The space Mρ,µ is the quotient of Mρ,µ by the action of constant maps.
7. Compactness of the moduli space
The aim of this section is to show compactness of the moduli space. We follow
closely the excellent exposition in [40]. Throughout this section all the constants
depend on the metric g, the perturbation µ in (14) and the transverse Spinc-
structure.
7.1. Pointwise estimates of F+A and ψ. We shall first prove an a priori pointwise
bound on the basic spinor ψ and on the curvature F+A . The next lemma follows
from a simple computation.
Lemma 14. Let f be a basic function and {e1, · · · , em} be a local gQ-orthonormal
basic frame of Q. Then
∆Bf = −
m∑
i=1
e2i f +
(
m∑
i=1
∇Teiei
)
f + τBf.
We deduce a basic version of Kato’s inequality.
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Lemma 15. Let ψ ∈ ΓB(W). Then
∆B
(|ψ|2) 6 2Re((∇Atr)∗∇Atrψ, ψ) .
Proof. Apply Lemma 14 to the basic function |ψ|2 :
∆B
(|ψ|2) = − m∑
i=1
e2i (ψ, ψ) +
(
m∑
i=1
∇Teiei
)
(ψ, ψ) + τB(ψ, ψ)
=
m∑
i=1
(−2(∇Aeiψ,∇Aeiψ)− (∇Aei∇Aeiψ, ψ)− (ψ,∇Aei∇Aeiψ))
+
m∑
i=1
(∇A∇Tei eiψ, ψ) + (ψ,∇
A
∇Tei ei
ψ) + (∇AτBψ, ψ) + (ψ,∇AτBψ)
= −2|∇Atrψ|2 + 2Re
((∇Atr)∗∇Atrψ, ψ) .
In the last line we used expression (5). 
We can now combine the basic Kato inequality with the Weitzenbo¨ck formula to
get the desired a priori pointwise estimates.
Lemma 16. Let (A,ψ) ∈ mρ,µ. Then, at every point of M we have
|ψ|2 6 sup
M
(−sT − |κB|2 + 2δBκB + 4|µ|, 0) .
Proof. We apply Lemma 15 and the Weitzenbo¨ck formula (4) to (A,ψ) ∈ mρ,µ:
∆B
(|ψ|2) 6 2Re((∇Atr)∗∇Atrψ, ψ)
6 −s
T
2
|ψ|2 − 1
2
|κB|2|ψ|2 + δBκB|ψ|2 − Re(FA • ψ, ψ)
6 −s
T
2
|ψ|2 − 1
2
|κB|2|ψ|2 + δBκB|ψ|2 − Re((σ(ψ) +
√−1µ) • ψ, ψ)
6 −s
T
2
|ψ|2 − 1
2
|κB|2|ψ|2 + δBκB|ψ|2 − 1
2
|ψ|4 + 2|µ||ψ|2.
Let x0 be a point where |ψ|2 is maximal. At the point x0, we have τ
(|ψ|2) |x0 = 0
and thus (∆gf) (x0) = (∆Bf) (x0) for any basic function f , where ∆
g is the (usual)
Riemannian Laplacian with respect to the metric g. Then, either, |ψ|2 > 0 at x0
and
0 6
(
−s
T
2
− 1
2
|κB|2 + δBκB − 1
2
|ψ|2 + 2|µ|
)
(x0)|ψ|2(x0),
or the spinor ψ is identically zero. 
Remark 17. When µ = 0, |F+A (x)| =
|ψ(x)|2
2
, we have then a pointwise estimate
of F+A . We get similarly a pointwise estimate of F
+
A when µ 6= 0.
7.2. Basic gauge fixing. We would like to show that the pointwise bounds on the
curvature F+A give W
2,2-bounds on the connection A if written in an appropriate
gauge. In a first step, the following Lemma establishes L2-bounds on the derivatives
of both F+A and ψ.
Lemma 18. If (A,ψ) ∈ mρ,µ, then ∇Atrψ, ∇TF+A and dF+A are all bounded in L2.
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Proof. If we take the inner product with ψ and integrate, we deduce from the
Weitzenbo¨ck formula (4) that
‖∇Atrψ‖2L2 6 c1‖ψ‖2L2 + c2‖ψ‖2L4 ,
for some constants c1 and c2. By Lemma 16, we get that ∇Atrψ is bounded in L2.
Next, we use the curvature equation to write
∇TF+A = ∇A(σ(ψ) +
√−1µ) = (∇Aψ)√−1 ψ + ψ√−1(∇Aψ) +√−1∇Tµ.
The last term µ is smooth and the first two terms are in L2 because ψ is in C0 and
∇Aψ is in L2. Finally,
dF+A = dBF
+
A =
m∑
i=1
e
♭gQ
i ∧∇TeiF+A .
Hence dF+A is just a projection of ∇TF+A and thus also bounded in L2. 
We next deduce a W 1,2-bound on the curvature F+A . For this purpose, fix a
smooth reference connection A0 ∈ W 2,2 (KB(L)) and we write A = A0 +
√−1α.
Lemma 19. There exist constants c1, c2 and c3 depending on A0 such that
‖F+A ‖1,2 6 c1‖dF+A ‖L2 + c2‖F+A ‖L2 + c3.
Proof. By basic Hodge decomposition, we can write
F+A − F+A0 = α′H + β′,
where α′H is the ∆B-harmonic part and β
′ is L2-orthogonal to the ∆B-harmonic
forms. Note that α′H and β
′ are not necessarily ∗-self-dual. We apply Theorem 12
to get
‖α′H‖1,2 6 c1‖α′H‖L2 6 c1‖F+A ‖L2 + c1‖F+A0‖L2 .
On the other hand,
‖β′‖1,2 6 c2‖(dB + δB)β′‖L2
6 c2‖(dB − ∗dB + ιτB )(F+A − F+A0)‖L2
6 2c2‖dF+A ‖L2 + 2c2‖dF+A0‖L2 + c3‖F+A − F+A0‖L2 .
Hence,
‖F+A ‖1,2 6 ‖FA0‖1,2 + ‖α′H‖1,2 + ‖β′‖1,2
6 ‖FA0‖1,2 + c1‖F+A ‖L2 + c1‖F+A0‖L2 + 2c2‖dF+A ‖L2 + 2c2‖dF+A0‖L2
+c3‖F+A − F+A0‖L2.

The next Lemma is an instance of Uhlenbeck’s gauge fixing Lemma, see for
example [44]. In particular, we can apply it to deduce the desiredW 2,2-bound on α
from the W 1,2-bound on F+A . Unfortunately, we need to add the hypothesis that
the foliation F is taut so that ker (δB ⊕ d+B) = H1(F) and that H1(F)∩H1(M,Z)
is a lattice in H1(F) in order to get the desired estimate. The latter condition is
satisfied, for instance, on any closed K-contact manifold (see Section 11). Indeed,
in that case, H1(F) is isomorphic to H1(M,R) [13, Proposition 7.2.3].
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Lemma 20. Suppose that the foliation F is taut and H1(F)∩H1(M,Z) is a lattice
in H1(F). Then, for any k > 2, there exist constants c1, c2 depending only on k
and A0, such that for any A ∈ W k,2 (KB(L)) , there exists a gauge transformation
u ∈ Gk+1,2B such that u∗A = A0 +
√−1α, where α ∈ W k,2 (Ω1B(M)) satisfies both
the gauge condition δBα = 0 and the estimate
‖α‖k,2 6 c1‖F+A ‖k−1,2 + c2.
Proof. Let A = A0 +
√−1α0. The basic function δBα0 is L2-orthogonal to the
constant functions. We denote by GB the basic Green operator (associated to
the basic Laplacian ∆B) and define u0 = exp(
√−1
2 GB (δBα0)). Then u
∗
0A = A0 +√−1α0 −
√−1dGB (δBα0). Obviously,
δB (α0 − dGB (δBα0)) = δBα0 − δBdGB (δBα0) = 0.
To get the estimate, recall that the operator δB⊕d+B : Ω1B(M)→ Ω0B(M)⊕Ω+B(M)
is a basic transversally elliptic operator. Hence we can apply the basic Hodge
decomposition
α = αH + δBβ + dBf
where αH ∈ ker(δB ⊕ d+B), β ∈ Ω+B(M) and f ∈ Ω0B(M). The basic gauge fixing
condition δBα = 0 implies that the last term dBf vanishes and thus α = αH+δBβ.
Moreover,
F+A = F
+
A0
+
√−1d+Bα = F+A0 +
√−1d+BδBβ = F+A0 +
√−1 (δB + d+B) δBβ.
By Theorem 12, we have
‖δBβ‖k,2 6 c1‖
(
δB + d
+
B
)
δBβ‖k−1,2 = c1‖F+A − F+A0‖k−1,2
6 c1‖F+A ‖k−1,2 + c1‖F+A0‖k−1,2.
Now, in order to prove that ‖αH‖k,2 is bounded, we use the hypothesis that the foli-
ation F is taut and that H1(F)∩H1(M,Z) is a lattice in H1(F). By Proposition 3
the tautness of F implies that H1(F) = ker(δB ⊕ d+B). Moreover, the condition
that H1(F)∩H1(M,Z) is a lattice in H1(F) allows us, up to a an additional basic
gauge transformation, to conclude that ‖αH‖k,2 can be bounded by a constant by
imitating the standard argument (see [44, Claim 5.3.2]).

7.3. The bootstrapping procedure. We would like to use a bootstrapping pro-
cedure to turn the W 2,2-bound on α and the C0-bound on ψ into C∞-bounds. In
an initial phase we will try to get W 3,2-bounds on both α and ψ by using Sobolev
multiplication on the borderline. As soon as this is achieved, we can repeatedly
increment the regularity of both α and ψ by alternating Sobolev multiplication
above the borderline with elliptic regularity.
Recall that we already established aW 2,2-bound, and hence in particular aW 1,2-
bound, on α. The basic Sobolev embedding theorem (Theorem 9) tells us that α is
bounded in L4. Since we have a C0-bound on ψ, this implies that α • ψ ∈ L4. We
apply Theorem 12 to get
‖ψ‖1,4 6 c1‖DA0B ψ‖L4 + c2‖ψ‖L4.
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Hence we obtain a W 1,4-bound on ψ via the Dirac equation. The basic Sobolev
multiplication theorem (Theorem 11) on the borderline
W 1,2 × (W 1,4 ∩ L∞)→W 1,2
applied to the couple (α, ψ) gives a W 1,2-bound on α • ψ and hence on DA0B ψ. We
deduce a W 2,2-bound on ψ by Theorem 12. Basic Sobolev multiplication on the
borderline (Theorem 11)(
W 2,2 ∩ L∞)× (W 2,2 ∩ L∞)→ (W 2,2 ∩ L∞)
applied to the couple (ψ, ψ) gives a W 2,2-bound on σ(ψ) and therefore by the
curvature equation also on F+A . By Lemma 20 we get a W
3,2-bound on α. We
apply basic Sobolev multiplication (Theorem 11) above the borderline
W 3,2 ×W 2,2 →W 2,2
to the couple (α, ψ) to obtain a W 2,2-bound on α • ψ and hence on DA0B ψ. Theo-
rem 12 finally gives a W 3,2-bound on ψ. Having established W 3,2-bounds on both
α and ψ, we thus arrived in the stable bootstrapping region. Indeed, since the basic
Sobolev multiplication
W k,2 ×W k,2 →W k,2
holds for any k > 3, we can increment the regularity of ψ and α repeatedly by alter-
nating basic elliptic regularity (Theorem 12) with the basic Sobolev multiplication
for the curvature equation and Lemma 20.
7.4. Compactness and Hausdorff. We finally have all the ingredients to prove
the main result of this section, compactness of the moduli space Mρ,µ.
Theorem 21. Let M be a closed oriented smooth manifold endowed with a Rie-
mannian taut foliation of codimension 4. Suppose moreover that H1(F)∩H1(M,Z)
is a lattice in H1(F). Then, for any Spinc-structure ρ and any perturbation µ, the
moduli space Mρ,µ is compact in the C∞-topology.
Proof. To prove compactness we need to show that any sequence of Seiberg–Witten
solutions (Ai, ψi) admits a converging subsequence. By the previous results, any
solution (Ai, ψi) lies automatically in W
k,2 ×W k,2 for all k if written in the ap-
propriate gauge. By the basic Rellich theorem, any W k+1,2-bounded sequence has
a subsequence which converges in W k,2. Using this fact and the diagonal process,
one can show that there exists a subsequence converging in W k,2 for all k. Hence,
for any k there is a subsequence converging in W k,2. The basic Sobolev embedding
theorem tells us that the subsequence converges in Cl for all l, i.e. in C∞. 
The following Lemma, taken from [40], shows that the moduli spaceMρ,µ is also
separated.
Lemma 22. Suppose that (Ai, ψi) and (A
′
i, ψ
′
i) are two sequences converging to
(A,ψ) and (A′, ψ′) respectively such that, for every i, there exists a gauge change ui
satisfying (u∗iAi, uiψi) = (A
′
i, ψ
′
i). Then ui has a subsequence converging to an
element u such that (u∗A, uψ) = (A′, ψ′).
Proof. By compactness of S1, ui is bounded pointwise and in L
2. Moreover,
2u−1i dui = u
∗
i (A
′
i − Ai) = u∗i (A′i −A′) + u∗i (A−Ai) + u∗i (A′ −A),
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As A′i → A′ and Ai → A in C∞ we deduce that dui is bounded in L2. Now,
Theorem 12 implies
‖ui‖k+1,2 6 c‖(dB + δB)ui‖k,2 + c‖ui‖k,2.
Repeating this process, we get a bound on ‖ui‖k,2 for all k. We can then use
the basic Rellich theorem, the basic Sobolev embedding theorem and the diagonal
procedure as in the proof of Theorem 21 to obtain a subsequence converging in the
C∞-topology to an element u such that (u∗A, uψ) = (A′, ψ′). 
8. Transversality and basic Seiberg–Witten invariants
The linearization of the basic gauge group action GB on a point (A,ψ) (at the
point 1) is
dgρ :
√−1Ω0B(M) −→
√−1Ω1B(M)× ΓB(W+),(√−1f) 7−→ (2√−1dBf,−√−1fψ).
On the other hand, the linearization of swρ,µ at a point (A,ψ) is given by the
map
dswρ,µ :
√−1Ω1B(M)× ΓB(W+) −→
√−1Ω+B(M)× ΓB(W−)
where
dswρ,µ|(A,ψ)
(√−1α, φ) = ( √−1d+Bα−ψ√−1φ− φ√−1ψ − Re(φ, ψ),DABφ+ 12√−1α • ψ
)
.
Lemma 23. The sequence
0→ √−1Ω0B(M)
dgρ−−→ √−1Ω1B(M)×ΓB(W+)
dswρ,µ−−−−−→ √−1Ω+B(M)×ΓB(W−)→ 0
is a complex over mρ,µ called basic Seiberg–Witten complex.
Proof. We compute
dswρ,µ|(A,ψ) ◦ dgρ(
√−1f)
= (2
√−1d+BdBf−fψ
√−1√−1ψ −√−1fψ√−1ψ − Re(√−1fψ, ψ),
DAB(−
√−1fψ) +√−1dBf • ψ)
= (0,−√−1DAB(fψ) +
√−1dBf • ψ).
In a local basic gQ-orthonormal frame {e1, · · · , em} of Q we have
DBA(fψ) =
∑
i
ei • ∇Aei(fψ)−
1
2
τB • (fψ)
= fDAB(ψ) +
∑
i
ei • (∇Teif)ψ
= fDAB(ψ) + dBf • ψ.
Note that in the third line we use the fact that f is basic. We deduce that the
composition vanishes
dswρ,µ|(A,ψ) ◦ dgρ = 0
and the lemma follows. 
Lemma 24. The basic Seiberg–Witten complex is transversally elliptic.
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Proof. The symbol of a differential operator only depends on the highest order
derivatives. The simplified complex splits as the direct sum of two complexes
0 −→ √−1Ω0B(M) dB−→
√−1Ω1B(M)
d+
B−→ √−1Ω+B(M) −→ 0.
0 −→ 0 −→ ΓB(W+) D
A
B−−→ ΓB(W−) −→ 0.
Both complexes are transversally elliptic. 
Remark 25. The standard construction of the determinant line bundle of a family
of elliptic operators can be extended to a family of Fredholm operators (see for
instance [36]). The operators DAB and δB ⊕ d+B are Fredholm. The determinant line
bundle of the basic Seiberg–Witten complex is then isomorphic to the tensor prod-
uct of the determinant line bundle of DAB and δB ⊕ d+B . The complex multiplication
generates a nowhere vanishing section trivializing the determinant line bundle of
DAB while a choice of orientation of ker(δB ⊕ d+B) and coker(δB ⊕ d+B) (see Proposi-
tion 3) trivializes the determinant line bundle of δB ⊕ d+B. Hence, the top exterior
power of the tangent to the moduli space is trivialized inducing an orientation on
the moduli space.
Denote byDA,+B the restriction ofDAB to ΓB(W+). The (basic) index indb
(
DA,+B
)
of DA,+B is a finite integer and its expression is given in [15, 14]. Let χsw be the
(real) Euler characteristic of the basic Seiberg–Witten complex. By Proposition 3,
when κB = 0, χsw is given by
(17) χsw = 1− dimH1(F) + dimH+(F)− 2 indb
(
DA,+B
)
.
We define the parametrized basic Seiberg–Witten map:
pswρ :W
2,2
(KB(L)× ΓB(W+))×W 1,2 (Ω+B(M)) −→ W 1,2 (√−1Ω+B(M)× ΓB(W−))
(A,ψ, µ) 7−→ (F+A − σ(ψ) −√−1µ,DAB(ψ)) .
Lemma 26. The differential dpswρ of the parametrized basic Seiberg–Witten map
is onto for every ψ 6= 0.
Proof. This is done as for the standard case. Because of the perturbation, we
only need to check whether the linearization from
√−1Ω1B(M) × Γ(W+) to the
second component is surjective. At the point (A,ψ) this linearization map equals
L(
√−1α, φ) := DABφ + 12α • ψ. Suppose that η 6= 0 is L2-orthogonal to the image
of the map L. Then it is L2-orthogonal to the image of DAB. The operator DAB is
self-adjoint, so we have DABη = 0. By the basic unique continuation theorem (The-
orem 13), we can pick an open set U where both η and ψ are non-zero. Moreover,
by possibly shrinking U , we can choose α such that the real part of (
√−1α • ψ, η)
is strictly positive over U. Modifying α by a bump function supported in U , we get
a contradiction since η is not L2-orthogonal to L(
√−1α, 0). 
A solution (A,ψ) to the perturbed basic Seiberg–Witten (14) is called reducible
if ψ ≡ 0. For a reducible solution (A, 0), we have
F+A =
√−1µ.
Consider the following subset of
√−1Ω+B(M):
(18) Πρ(gQ) := {
√−1µ ∈ √−1Ω+B(M) |F+A =
√−1µ for some A ∈ KB(L)}.
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We also define
(19) P+ := {β ∈ Ω+B(M) | δBβ = (dB − κB∧)β = 0}.
Proposition 27. The set Πρ(gQ) is an affine subspace of codimension dimP
+. In
particular, if κB = 0, then Πρ(gQ) has codimension dimH+(F).
Proof. An element
√−1µ ∈ √−1Ω+(M) is the ∗-self-dual part of the curvature FA
if and only if µ lies in the image of the map
α 7−→ F+A0 + d+Bα,
where α ∈ Ω1B(M). The result follows from Proposition 3. 
Combining all the previous results, we obtain
Theorem 28. Let M be a closed oriented manifold equipped with a taut Rie-
mannian foliation F of codimension 4 and a bundle-like metric g. Suppose that
H1(F) ∩H1(M,Z) is a lattice in H1(F). Suppose moreover that the normal bun-
dle Q admits a Spinc-structure ρ. Then the moduli spaces Mρ,µ and Mρ,µ defined
in (16) have the following properties:
• For a generic µ, Mρ,µ is compact, smooth and of dimension −χsw+1 with
a smooth circle action, where χsw is given by (17).
• If dimH+(F) > 0, then for a generic µ, Mρ,µ is smooth and orientable of
dimension −χsw. Moreover, Mρ,µ −→Mρ,µ is a principal S1-bundle.
We are now in position to define basic Seiberg–Witten invariants:
Definition 29. Let M be a closed oriented manifold equipped with a taut Rie-
mannian foliation F of codimension 4 and a bundle-like metric g. Suppose that
H1(F) ∩H1(M,Z) is a lattice in H1(F). and that the normal bundle Q admits a
Spinc-structure ρ. Suppose moreover that dimH+(F) > 2 and that µ is generic
such that Mρ,µ is a closed smooth manifold of dimension −χsw with a chosen ori-
entation. If −χsw is odd, then the basic Seiberg–Witten invariant SW(F , ρ) = 0.
If −χsw is even, then
SW(F , ρ) =
∫
Mρ,µ
e
−χsw
2 ,
where e is the Euler class of the principle S1-bundle Mρ,µ −→Mρ,µ.
Remark 30. The value of SW(F , ρ) is independent of the choice of g and the
generic µ but depends on the foliation F (see example 48) and the transverse
Spinc-structure ρ.
Remark 31. When dimP+ = 1, the complement of the set Πρ(gQ) defined by (18)
has two path connected components called chambers. We distinguish them in the
following way: choose an orientation of P+ and let ω ∈ P+ be the unique (positively
oriented) form satisfying
∫
M ω∧ω∧χF = 1, where χF is the characteristic form of
the foliation F . Let L be the determinant line bundle of the complex spinor bundle
W . We define the basic discriminant by
dρ(g, µ) =
∫
M
(2πcB1 (L) + µ) ∧ ω ∧ χF ,
where cB1 (L) is the basic first Chern class of L (representing the class of the curva-
ture of a basic Hermitian connection on L). Remark that dρ(gQ, µ) = 0 if and only
20 YURI KORDYUKOV, MEHDI LEJMI, AND PATRICK WEBER
if µ ∈ Πρ(gQ). The positive (resp. negative) chamber corresponds to the positive
(resp. negative) discriminant dρ(g, µ).
9. Vanishing theorems
Throughout this section, let M be a closed oriented manifold equipped with a
Riemannian foliation F of codimension 4 and a bundle-like metric g. Moreover,
suppose that the normal bundle Q admits a Spinc-structure ρ.
Lemma 32. If sT is positive, then all solutions of the basic Seiberg–Witten equa-
tions (13) have trivial basic spinor.
Proof. Let (A,ψ) be a solution of the basic Seiberg–Witten equations (13). If
we take the pointwise inner product with ψ in the Weitzenbo¨ck formula (6) and
integrate over M , then we get
0 =
∫
M
|∇Atr ψ|2vg +
1
4
∫
M
sT |ψ|2vg + 1
4
∫
M
|ψ|4vg,
where vg is the volume form induced by g. The lemma follows as s
T is assumed to
be positive. 
Recall that the basic Dirac operator and hence the basic Seiberg–Witten equa-
tions depend on the choice of the bundle-like metric g. However, the vanishing
condition above depends only on the transverse scalar curvature sT and so only on
the metric gQ.
Remark 33. If we use the Weitzenbo¨ck formula (4) then the condition we get is
sT + |κB|2 − 2δBκB > 0. Recall from Remark 1, that a suitable conformal change
of the metric in the leaf direction can make κB ∆B-harmonic. We obtain then
sT + |κB|2 > 0 allowing the transverse scalar curvature to be negative.
Lemma 34. Suppose that κ = κB is basic. If s− sˆ+ |A|2+ |T |2 is positive, then all
solutions of the basic Seiberg–Witten equations (13) have trivial basic spinor. Here
s denotes the scalar curvature of the metric g, sˆ is the scalar curvature of any leaf
whereas A and T are the O’Neill tensor fields [46]
AXY := Π
(
Dg
Π⊥(X)
Π⊥(Y )
)
+Π⊥
(
Dg
Π⊥(X)
Π(Y )
)
,
TXY := Π
(
DgΠ(X)Π
⊥(Y )
)
+Π⊥
(
DgΠ(X)Π(Y )
)
,
for X,Y any vector fields on M and Π : TM → TF , Π⊥ : TM → TF⊥.
Proof. First, we have that [28]
|κB|2 = δBκB − δTκB,
where δT = −∑4i=1 ιei∇Tei is the transverse codifferential written in a local or-
thonormal basic frame {e1, · · · , e4} of Q. We use Remark 33 and the relation (see
for instance [13, Corollary 2.5.19])
s = sT + sˆ− |A|2 − |T |2 − |κB|2 − 2δTκB
to deduce the Lemma. 
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Definition 35. A Riemannian foliation F has totally umbilical leaves if
TXY =
1
dimF g(X,Y )τ,
for any X,Y ∈ Γ(TF).
Corollary 36. Suppose that the Riemannian foliation F of dimension d = dimF
has totally umbilical leaves and that κ = κB is basic. Moreover, suppose that g
has constant curvature c such that 12c+ d(d−1)+1d2 |κB|2 + |A|2 is positive. Then all
solutions of the basic Seiberg–Witten equations (13) have trivial basic spinor.
Proof. Let R be the curvature of the Levi-Civita connection Dg and Rˆ be the
curvature of the induced connection along the leaves Dˆ := Dg − T . Then we have
the following formula (see [27, 46] paying attention to signs in the definition of the
curvature tensor)
g(R(X,Y )U, V ) = g(Rˆ(X,Y )U, V ) + g(TXU, TY V )− g(TY U, TXV ),
for any X,Y, U, V ∈ Γ(TF). Using the fact that F has totally umbilical leaves, we
deduce that (see also [5, Lemma 2.2])
g(R(X,Y )X,Y ) = g(Rˆ(X,Y )X,Y ) + g(TXX,TY Y )− g(TYX,TXY )
= g(Rˆ(X,Y )X,Y ) +
1
d2
(
g(X,X)g(Y, Y )− g(X,Y )2) |κB|2.
In a local orthonormal basis {ξ1, · · · , ξd} of TF we get
d∑
i,j=1
g(R(ξi, ξj)ξi, ξj) = sˆ+
d2 − d
d2
|κB|2.
Since the curvature is constant, we deduce that
s− sˆ+ |A|2 + |T |2 = 12c+ d
2 − d
d2
|κB|2 + |A|2 + 1
d2
|κB|2.
This gives us the desired result by Lemma 34. 
Remark 37. Consider a Riemannian manifold with constant curvature which ad-
mits a Riemannian foliation with bundle-like metric g and totally umbilical leaves
with respect to g. A result of [5, Proposition 2.4] states that if dimF > 2, then κ
is basic and A ≡ 0.
10. Transverse Ka¨hler structures and non-vanishing basic
SW-invariants
LetM be a closed manifold with a Riemannian foliation F of even codimensionm
and g a bundle-like metric on M inducing the metric gQ on the normal bundle Q.
Suppose that Q is equipped with a transverse Hermitian structure (gQ, J), i.e. an
endomorphism J : Q −→ Q such that J2 = −IdQ and gQ(·, ·) = gQ(J ·, J ·). Then
the complexified bundle splits as Q ⊗ C = Q1,0 ⊕ Q0,1, where Q1,0 (resp. Q0,1)
corresponds to the eigenvalue
√−1 (resp. −√−1). Similarly J induces a splitting
of the complexification of Q∗:
Q∗ ⊗ C = Λ1,0Q∗ ⊕ Λ0,1Q∗,
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where Λ1,0Q∗ (resp. Λ0,1Q∗) is the annihilator of Q0,1 (resp. Q1,0). More generally,
the bundle ΛrB(M,C) of complex basic forms splits as
(20) ΛrB(M,C) =
⊕
i+j=r
Λi,jB (M).
We can define the basic Dolbeault operators ∂B : Ω
p,q
B (M) → Ωp+1,qB (M) and
∂B : Ω
p,q
B (M)→ Ωp,q+1B (M) by
∂Bα := (dBα)
p+1,q, ∂Bα := (dBα)
p,q+1.
The transverse Levi-Civita connection ∇T induces canonical Hermitian connections
∇1,0 and ∇0,1 on Q1,0 and Q0,1 respectively. In a local gQ-orthonormal frame
{e1, · · · , em} of Q we can then write
(21) ∂B =
1
2
m∑
i=1
(ei +
√−1Jei)♭ ∧ ∇Tei , ∂B =
1
2
m∑
i=1
(ei −
√−1Jei)♭ ∧ ∇Tei .
where ♭ denotes the (gQ, J)-Hermitian dual. If we denote by ∂
∗
B, ∂
∗
B the basic
adjoints of ∂B, ∂B with respect to the Hermitian inner product, then
(22)
∂∗B = − 12
∑m
i=1 ι(ei−
√−1Jei)∇Tei + 12 ι(τB−√−1JτB),
∂
∗
B = − 12
∑m
i=1 ι(ei+
√−1Jei)∇Tei + 12 ι(τB+√−1JτB).
Consider the self-adjoint transverse Clifford module
Λ0,⋆Q∗ = Λ0,evenQ∗ ⊕ Λ0,oddQ∗.
The Clifford action of X = X1,0 +X0,1 ∈ Q1,0 ⊕Q0,1 is given by
(23) X • · =
√
2
((
X1,0
)♭ ∧ · − ιX0,1 ·) ,
The bundle ∧0,⋆Q∗ turns out to be a basic Clifford module bundle and one can
then define a basic Dirac operator on it (see for instance [35]).
A transverse Ka¨hler structure (gQ, J, ω) is given by a transverse Hermitian struc-
ture (gQ, J) such that ω, the pull-back of gQ(J ·, ·) to M , is closed. Consider the
canonical Spinc-structure ρcan induced by the complex structure J : Q → Q on
the normal bundle Q. Its determinant bundle is Λ0,
m
2 Q∗ [50]. Let ρ be a Spinc-
structure over the normal bundle Q with determinant line bundle Λ0,
m
2 Q∗ ⊗ E2
with E a (foliated) complex Hermitian line bundle over M. The spinor bundle W
can then be identified with Λ0,⋆Q∗ ⊗ E. Moreover,
W+ ∼=
(
Λ0,evenQ∗
)⊗ E, W− ∼= (Λ0,oddQ∗)⊗ E.
Let A0 be the canonical connection on Λ
0,evenQ∗ induced by ∇T and fix a basic
Hermitian connection A on E. The connections A0 and A induce a connection A
on W+.
The formulae (21) and (22) hold for the basic sections of W+ using the induced
connection ∇A and the Cauchy–Riemann operator ∂A induced by A.
Lemma 38. The basic Dirac operator DAB : ΓB(W+) −→ ΓB(W−) becomes
DAB =
√
2
(
∂A + ∂
∗
A
)
− 1
4
τB • .
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Proof. Let {e1, · · · , em} be a local gQ-orthonormal frame of Q. We write using (23)
DABψ =
m∑
i=1
ei • ∇Aeiψ −
1
2
τB • ψ
=
1√
2
m∑
i=1
((
ei −
√−1Jei
)♭ ∧ ∇Aeiψ − ι(ei+√−1Jei)∇Aeiψ)
− 1
2
√
2
((
τB −
√−1JτB
)♭ ∧ ψ − ι(τB+√−1JτB)ψ)
=
√
2(∂A + ∂
∗
A)ψ −
1
2
√
2
((
τB −
√−1JτB
)♭ ∧ ψ + ι(τB+√−1JτB)ψ)
=
√
2
(
∂A + ∂
∗
A
)
ψ − 1
4
τB • ψ.

We now take a closer look at the SW(F , ρ) invariants. Since to define the invari-
ants we impose the tautness condition, we only have to study the system
(24)
{ (
∂A + ∂
∗
A
)
ψ = 0,
F+A = σ(ψ) +
√−1µ.
As both F+A and σ(ψ) +
√−1µ are self-dual basic 2-forms, we can split them
accordingly to (20). Let (α, β) ∈ ΓB(W+), where W+ ∼=
(
Λ0,0Q∗ ⊕ Λ0,2Q∗) ⊗ E.
Then the curvature equation becomes (see for instance [44, 54])
(25)
{
F 0,2A =
1
2αβ,(
F+A
)1,1
=
√−1
4
(|α|2 − |β|2)ω +√−1µ.
If we choose the perturbation µ to lie in the (1, 1)-part, then the system of equa-
tions (24) is equivalent to
(26)

F 0,2A = 0, αβ = 0,
∂Aα = 0, −∂∗Aβ = 0,
4
(
F+A0 + F
+
A −
√−1µ)1,1 = √−1(|α|2 − |β|2)ω.
Indeed, as the foliation is transversally Ka¨hler, the relation ∂A∂A = F
0,2
A still holds
and we can conclude as in the 4-dimensional case. Moreover, we deduce from the
basic unique continuation theorem (Theorem 13) that either α ≡ 0 and/or β ≡ 0.
We can now use the splitted system of equations to write down a non-vanishing
theorem just as it is done for Ka¨hler surfaces. But first, we need the following
Weitzenbo¨ck formula:
Lemma 39. Let α ∈ ΓB(Λ0,0Q∗ ⊗ E). Then
∂
∗
A∂Aα =
1
2
dAd∗Aα−
√−1 (FA, ω)α+
√−1
2
∇AJτBα.
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Proof. Let {e1, · · · , em} be a local gQ-orthonormal frame of Q. From (21) and (22)
we get:
∂
∗
A∂Aα =
1
2
∂
∗
A
(
m∑
i=1
(∇Aeiα) (ei −√−1Jei)♭
)
= −1
4
m∑
i,j=1
ιej+
√−1Jej∇Aej
((∇Aeiα) (ei −√−1Jei)♭)
+
1
4
m∑
i=1
ιτB+
√−1JτB
((∇Aeiα) (ei −√−1Jei)♭)
= −1
2
m∑
i=1
∇Aei∇Aeiα+
√−1
2
m∑
i=1
∇AJei∇Aeiα+
1
2
m∑
i=1
∇A∇Teieiα
+
√−1
2
m∑
i=1
∇A∇TeiJeiα+
1
2
∇AτBα+
√−1
2
∇AJτBα
= −1
2
m∑
i=1
∇Aei∇Aeiα+
1
2
m∑
i=1
∇A∇Teieiα+
1
2
∇AτBα
−
√−1
2
m∑
i=1
∇Aei∇AJeiα+
m∑
i=1
√−1
2
∇A∇TeiJeiα+
√−1
2
∇AJτBα
=
1
2
d∗AdAα−
√−1 (FA, ω)α+
√−1
2
∇AJτBα.

Theorem 40. Let M be a closed manifold equipped with a taut Riemannian folia-
tion F of codimension 4, a bundle-like metric g and a transverse Ka¨hler structure
(gQ, J, ω) such that H
1(F) ∩H1(M,Z) is a lattice in H1(F) and dimH+(F) > 2.
Then, SW(F , ρcan) = ±1.
Proof. The canonical Spinc-structure ρcan corresponds to the case where E = C is
the trivial line bundle. We pick the perturbation
√−1µ = F+A0 −
√−1
4 ω.
First, we claim that α cannot vanish. Indeed, the last equation of (26) reads
(27)
(
d+BA
)1,1
= −
√−1
4
(1− |α|2 + |β|2)ω,
where A ∈ √−1Ω1B(M). Let θ ∈ ΓB(Λ0,0Q∗) be a non zero holomorphic section
with respect to the holomorphic connection A, i.e. ∂Aθ = 0. The existence of θ is a
consequence of Theorem 12. Actually, θ is a nowhere vanishing section since the line
bundle is trivial. Then, A0,1 = −∂B log |θ|2 and thus A = 12
((
∂B − ∂B
)
log |θ|2) .
In particular, dBA = ∂B∂B
(
log |θ|2) = √−12 dBJdB (log |θ|2) . The inner product
with ω gives
〈(d+BA)1,1 , ω〉 = 〈dBA,ω〉 = √−12 〈JdB (log |θ|2) , δBω〉
=
√−1
2
〈JdB
(
log |θ|2) , JκB〉 = 0.
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Using (27), this implies that
∫
M
(
1− |α|2 + |β|2) vg = 0 and thus α cannot
vanish. We deduce that β ≡ 0. Now, Lemma 39 and (27) imply that
1
2
∫
M
|dAα|2vg − 1
4
∫
M
(1 − |α|2) |α|2vg = 0.
As
∫
M
(
1− |α|2) vg = 0, we can rewrite this as
(28)
1
2
∫
M
|dAα|2vg + 1
4
∫
M
(1− |α|2)2vg = 0.
From (28), we conclude that dAα = 0 and |α| ≡ 1. This implies that A =
1
2
((
∂B − ∂B
)
log |α|2) = 0 and so A is the exterior derivative d. Hence, α is a
constant and after a gauge transformation, α ≡ 1.
It remains to be proven that the moduli space is smooth at this point. The
problem is reduced to check that the kernel of dswρcan,µ|(d,(1,0)) is trivial. We are
looking to the solutions (
√−1λ, (φ0, φ1)) of the system
d+B(
√−1λ)− (φ1 − φ1)−
√−1φ0 ω = 0,(29)
∂Bφ0 + ∂
∗
Bφ1 + (
√−1λ)0,1 = 0.(30)
By gauge transformation, we are assuming here that φ0 is real. We apply ∂B to
the equation (30) to obtain
∂B∂
∗
Bφ1 + ∂B(
√−1λ)0,1 = 0,
while from the equation (29), we have ∂B(
√−1λ)0,1 = φ1. Hence,
∂B∂
∗
Bφ1 + φ1 = 0.
Coupling with φ1 and integrating, we deduce that φ1 = 0. Now, the system becomes
1
2
(dBλ, ω)− φ0 = 0,(31)
∂Bφ0 + (
√−1λ)0,1 = 0.(32)
The equation (32) implies that dBλ = 2
√−1 ∂B∂Bφ0. Plugging this in equation (31)
and by a simple computation we obtain that −∆Bφ0 +∇TτBφ0 − φ0 = 0. Coupling
with φ0 and integrating, we obtain∫
M
−|dBφ0|2 + 1
2
(
dB |φ0|2
)
(τB)− |φ0|2 = 0.
However, as τB = 0, we conclude that φ0 = 0 and thus λ = 0. 
Remark 41. A similar non-vanishing result should hold when the transverse struc-
ture (gQ, J, ω) is almost-Ka¨hler i.e. when (gQ, J) is almost-Hermitian and ω is
closed [61]. Moreover, the tautness condition is not needed in the above result.
11. K-contact and Sasakian 5-manifolds
In this section, we take a closer look at some particular class of manifolds with
Riemannian foliations: Sasakian manifolds and more generally K-contact mani-
folds. Let (M, η) be a contact manifold of dimension 2n + 1, where η is the con-
tact 1-form satisfying η ∧ (dη)n 6= 0 at every point of M . The Reeb vector field
ξ ∈ Γ(TM) is uniquely determined by
η(ξ) = 1, ιξ (dη) = 0.
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The corresponding foliation Fξ is the distribution Rξ ⊂ TM.
Definition 42. AK-contact structure (η, ξ,Φ, g) onM consists of a contact form η
with Reeb field ξ together with an endomorphism Φ : TM → TM satisfying
Φ2 = −IdTM + ξ ⊗ η, LξΦ = 0.
We also require the following compatibility conditions with η:
dη(ΦX,ΦY ) = dη(X,Y ), dη(Z,ΦZ) > 0 ∀X,Y ∈ TM,Z ∈ ker(η) \ {0}.
This defines a Riemannian metric on M given by
g(X,Y ) = dη(X,ΦY ) + η(X)η(Y ).
For a K-contact structure (η, ξ,Φ, g), the foliation Fξ is Riemannian and the
leaves of Fξ are geodesics. In particular, the foliation is taut. Moreover, on closed
K-contact manifolds, H1(F) is isomorphic to H1(M,R) [13, Proposition 7.2.3]. In
particular, H1(F) ∩H1(M,Z) is a lattice in H1(F). So, our hypothesis to obtain
a compact moduli space is satisfied.
Definition 43. A Sasakian structure is a K-contact structure (η, ξ,Φ, g) satisfying
the integrability condition
DgXΦ = ξ ⊗X♭g −X ⊗ η, ∀X ∈ Γ(TM),
where Dg is the Levi-Civita connection.
Clearly, a K-contact (resp. Sasakian) structure induces an almost-Ka¨hler (resp.
Ka¨hler) structure on the normal bundle Q. In particular, Φ induces an almost-
complex (resp. complex) structure J on Q and hence a canonical Spinc-structure.
We can now try to apply the vanishing theorems of Section 9 to this particular
setup:
Corollary 44. Let (M, η, ξ,Φ, g) be a closed K-contact 5-manifold. If the trans-
verse scalar curvature sT of g is positive, then all the invariants SW (Fξ, ρ) vanish.
Example 45. If the metric g of the K-contact structure is Einstein, then the
structure is in fact Sasakian and the metric has positive scalar curvature [4, 12, 13].
Also, whenever a K-contact manifold is locally symmetric or conformally flat, then
it is Sasakian and has constant positive curvature (see [47, 60, 59]). We conclude
that in all of the above cases all the basic Seiberg–Witten invariants vanish.
On the other hand, we can also apply the non-vanishing result of Theorem 40:
Corollary 46. Let (M, η, ξ,Φ, g) be a compact 5-dimensional Sasakian manifold
with dimH+(F) > 2. Then SW(Fξ, ρcan) = ±1.
Finally, we can combine the vanishing and non-vanishing results in order to
obtain obstructions to metrics with positive scalar curvature or Einstein metrics.
Corollary 47. Let (M, η, ξ,Φ, g) be a 5-dimensional compact Sasakian manifold
with dimH+(Fξ) > 2. Then M does not admit any bundle-like metric with respect
to Fξ of positive transverse scalar curvature. In particular, (M, η) does not admit
a Sasaki–Einstein metric.
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When the Sasakian structure is regular (see [13, Definition 6.1.25]), it is clear that
the basic Seiberg–Witten invariants are the same as the classical Seiberg–Witten
invariants of the smooth 4-manifold given by the leaf space. This implies that the
invariants really depend on the foliation and not only on the diffeomorphism type
of the manifold as shown in the following simple example:
Example 48. The 5-manifold 8(S2×S3) admits two regular Sasakian structures: a
negative one (see [13, Definition 7.5.24]) coming from a circle bundle over a Barlow
surface (see [7] and [13, Example 10.4.6]) and a positive one coming from a circle
bundle over a del Pezzo surface CP2#8CP2 (see [13, Proposition 10.4.4]). In the
first case, there are two non-vanishing classes corresponding to the canonical and
the anti-canonical class (see for instance [48]), whilst in the second case all the basic
Seiberg–Witten invariants vanish.
negative
Sasakian
positive
Sasakian
Barlow
surface
del Pezzo
surface
diffeomorphic
different as foliations
regular
circle bundle
regular
circle bundle
not diffeomorphic
homeomorphic
Remark 49. On a closed simply-connected 5-manifold, the space of Spinc-structures
is isomorphic to the space of homotopy classes of almost-contact structures. Whilst
this isomorphism is not canonical in general, it becomes so on a contact metric
manifold. We conclude that on a closed simply-connected K-contact 5-manifold
(M, η, ξ,Φ, g), the basic Seiberg–Witten map may be interpreted as a map eating
homotopy classes of almost-contact structures instead of Spinc-structures:
SW (Fξ) : {homotopy classes of almost-contact structures} → Z.
Furthermore, Geiges showed that every homotopy class of almost contact structures
contains at least one contact structure [25].
12. Applications
We believe the construction of foliated Seiberg–Witten invariants lays the ground-
work for some future applications which we now briefly describe.
Firstly, the invariant can be used as an obstruction to the existence of trans-
verse Einstein metrics compatible with a given foliation structure. Indeed, Corol-
lary 47 provides a new obstruction to the existence of Sasaki–Einstein metrics on
a given compact Sasakian 5-manifold. In the same vein, Remark 41 can be used
to say that a 5-dimensional compact contact manifold (M, η, ξ) equipped with a
bundle-like Riemannian metric of positive transverse scalar curvature and satisfy-
ing dimH+(Fξ) > 2 should not admit any compatible K-contact structure. Pushing
this line of thought further, one may try to apply the Atiyah–Singer index formula
for basic transversally elliptic operators [14, 15] to obtain a LeBrun–Hitchin–Thorpe
inequality [37] for transverse Einstein metrics on Riemannian foliations.
A second important application that we can point out is that our invariants
may allow us to define Seiberg–Witten invariants for orbifolds (for an introduction
to orbifold theory, we refer the reader to [2]). This approach looks particularly
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interesting as, to the best of our knowledge, an orbifold version of Seiberg–Witten
theory seems to be only known for symplectic 4-orbifolds (see [16, 17]) and it can be
used for example to prove the non-existence of Einstein metrics on 4-orbifolds (see
for instance [39, 58]). To define foliated Seiberg–Witten invariants for orbifolds,
recall that any orbifold can be represented as the space of leaves of a Riemannian
foliation (M,F) with compact leaves. The classical construction due to Satake is
to pick a Riemannian metric on the orbifold and to consider the orthonormal frame
bundle on the orbifold. The action of the orthogonal group on the orthonormal
frame bundle is locally free and the quotient space is precisely the orbifold (for
more details see [33, 34, 42]). Still, it remains an open question to check whether
H1(F) ∩H1(M,Z) is a lattice in H1(F). It has been shown [56] that a version of
de Rham cohomology for orbifolds is isomorphic to its singular cohomology. Hence
it makes sense to speak about integral singular cohomology H1(F ,Z). However, it
is not clear to us whether the condition is satsified.
A third possible application of the foliated Seiberg–Witten invariants is to distin-
guish homotopic but non isotopic Riemannian foliations. Unfortunately, we did not
succeed to find any examples that are not known to be different by other methods.
Lastly, we conclude this discussion by pointing out that the original motivation
for this work was to study the following conjecture of LeBrun: on an oriented
compact 4-manifold equipped with an anti-self-dual Einstein metric of negative
scalar curvature all the Seiberg–Witten invariants vanish [38]. Proving such a
result seems out of reach by current methods but a possible line of attack would
be to define Seiberg–Witten invariants on the twistor space and link these to the
Seiberg–Witten invariants on the base 4-manifold. Being able to define Seiberg–
Witten invariants on Riemannian foliations looks like a promising first step in this
direction.
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